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Classical mathematical structures can be systematically extended into hyperstruc-
tures and superhyperstructures via the powerset and its n-fold iteration. These
enriched frameworks are particularly well suited for modeling hierarchical or
multi-layered relationships across diverse domains. Meanwhile, entropy quan-

tifies the average information-theoretic uncertainty of a discrete probability dis-
tribution. In this paper, we introduce two new constructs: HyperEntropy, which
extends Shannon entropy to distributions over subsets of a base set, and Super-
HyperEntropy, which further generalizes the concept to distributions on iterated
powerset levels. We develop their fundamental properties, present illustrative
examples, and outline potential applications, thereby laying the groundwork for
future advances in entropy theory. Additionally, we present a preliminary exam-
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1. Introduction

1.1 Entropy

Entropy measures the average uncertainty, in the information-theoretic sense, of a discrete ran-
dom variable’s outcome distribution. As a fundamental concept, it underpins methods and analyses
in areas such as machine learning, probability theory, computer science, physics, information theory,
and optimization (see, e.g., [(1)-(4)]).
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1.2 Superhyperstructure

A classical structure denotes any mathematical framework—such as graphs, topologies, functions,
algebras, groups, or automata—in which operations act directly on elements of a base set. A hyper-
structure extends this notion by allowing its operations to take subsets of the base set as inputs and
return subsets as outputs (cf.[(5)-(7)]). Pushing this idea further, an n-superhyperstructure applies the
powerset construction iteratively n times, thereby modeling multi-level or hierarchical relationships
among elements [(8)-(11)]. Well-known instances of such systems include superhypergraphs [(12)-
(16)]. Both hyperstructures and their n-fold extensions furnish powerful abstractions for capturing
layered or composite phenomena in complex systems (see Table 1).

Table 1
Overview of classical structures, hyperstructures, and n-superhyperstructures
Structure Underlying Set Operation Key Feature
Classical Structure S #:9m =8 A traditional algebraic system in

which each operation on m el-
ements yields a single element
of S. Examples include groups,
rings, and fields.

Hyperstructure P(S) o: x5 —=P(S) A set-valued generalization:
combining two elements pro-
duces a nonempty subset of
S, enabling multivalued or
collective behaviors.

n-Superhyperstructure P, (5) olmm). gm _ Pr(S) A hierarchical extension using
the n-fold powerset: operations
map m elements into the n-
th iterated powerset, model-
ing nested, multilayered rela-
tionships.

1.3 Our Contribution: HyperEntropy and SuperHyperEntropy

Although entropy theory and (super)hyperstructural frameworks have each been developed ex-
tensively, their convergence remains largely uncharted. In this paper, we present two novel constructs:
HyperEntropy, which integrates entropy into a hyperstructural context, and SuperHyperEntropy, which
further generalizes the idea to n-superhyperstructures. We establish their fundamental properties, il-
lustrate them with concrete examples, and explore potential applications. Additionally, we present a
preliminary example of their application in engineering. Our aim is to provide a foundation for future
investigations that bridge these rich theoretical domains (see Table 2).

2. Preliminaries
This section provides an overview of the fundamental concepts and definitions essential for the

discussions in this paper. Throughout this work, we consider only finite sets and finite structures,
unless explicitly stated otherwise.
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Table 2
Summary of Entropy, HyperEntropy, and SuperHyperEntropy
Concept Domain Definition Interpretation
Entropy Elementsz € S H(X) = Measures the average unpre-
— > zesp(x) log p(x) dictability of a discrete random
variable.
Hyper Entropy Subsets A C S Hy(P) = Quantifies uncertainty when out-
— > acsP(A) logp(A)  comes are set-valued (subsets of
- S).
Super Hyper En-  Iterated power- H,, (P) = Extends HyperEntropy to hier-
tropy set P,,(S) — > ep,(s) P(A) log p(A) archical, n-level set-valued out-
comes.

2.1 Classical Structures, Hyperstructures, and n-Superhyperstructures

A hyperstructure generalizes a classical structure by permitting operations on subsets of the under-
lying set, producing subsets as outputs (cf. [(5)-(7), (17)]). Building on this, an n-superhyperstructure
iterates the powerset construction n times, thereby capturing hierarchical or multi-level interactions
among elements (cf. [(8), (9), (11), (18), (19)]). The formal definitions and representative examples are
given below.

Definition 2.1 (Base Set). A base set S is any nonempty collection of elements under consideration. All
subsequent constructions—such as power sets or iterated power sets—derive their members from S:

S = { x | x belongs to the universe of discourse}.

Definition 2.2 (Powerset). Given a set S, its powerset, denoted P(S), is the set of every subset of S,
including the empty set and S itself:

P(S)={A| AC S}.

Definition 2.3 (n-th Powerset). [(20)-(23)] The n-th powerset of S, written P, (), is defined by iter-
ation:
P1(S) =P(S), Pru(S) = P(Pk(S)) (k>1).

The nonempty version, P (.S), omits the empty set at each stage:
Pi(S) =P(S)\A{0},  Pria(S) = P(Pi(S)) \ {0}

Example 2.4 (Corporate Organization as a Third-Level Powerset). Consider a company with four em-
ployees:

S

S = {Yutaka, Hiroko, Tae, Shinya}.

e First-level powerset P, (S) = P(S) consists of all possible project teams, for example { Yutaka, Hiroko}
or {Tae, Shinya}.

e Second-level powerset P,(S) = P(P1(S)) is the collection of departments, each of which is a
set of project teams. For instance,

{{vutaka, Hiroko}, {Tae}}

might represent the “R&D” department.
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e Third-level powerset P5(S) = P(P»(S)) organizes divisions as sets of departments. For exam-
ple,
{ {{Yutaka, Hiroko}, {Tae}}, {{Hiroko, Shinya}, { Yutaka, Tae, Shinya}}}

could represent the “Technology” division.

Thus the iterative construction

captures the hierarchy: employees — teams — departments — divisions, illustrating a real-world
application of the n-th powerset with n = 3.

Definition 2.5 (Classical Structure). A Classical Structure consists of a set H together with one or more
operations # : H™ — H (m > 1), satisfying axioms such as associativity or identity. Examples include
groups (H, ), rings (H, +, x ), and fields.

Definition 2.6 (Hyperoperation). (cf.[(24)]) A hyperoperation on S replaces the codomain of a binary
operation by the powerset of S:
0: S5 xS — P(SI).

Thus, combining two elements yields a (nonempty) subset of S rather than a single element.

Definition 2.7 (Hyperstructure). (cf.[(5), (25), (26)]) A Hyperstructure on a base set S is a pair (P(S), o),
where o is a hyperoperation on P(S). This allows one to apply “set-valued” operations to subsets of
S.

Example 2.8 (Chemical Reaction Hyperstructure). (cf.[(27)-(30)]) Let
S = {H2> 0., CO, N2}~

Define a binary hyperoperationo: S x S — P(S) by

{HQO}7 lf {CL, b} == {HQ, OQ},
aob = {a,b} U ¢ {CO.}, if{a,b} ={CO,0,},
0, otherwise,

so that even non-reactive pairs still yield their reactants {a, b}. We then extend o to a hyperoperation
on P(S):
AO'B:U U(xoy), A,BCS.

z€A yeB
Thus (P(S ), o ) is a hyperstructure modeling chemical mixing.

lllustrative scenario: Let
A={H,,CO}, B={0y}.

Then
Ao B = {HQ,OQ} U {H,O} U {CO,05} U {COs} = {H,, Oy, H,O, CO, CO,}.

This output captures all reactants and products formed when the sets of chemicals A and B are com-
bined.
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Definition 2.9 (SuperHyperOperation). [(31)] Let H be nonempty and define iterated powersets P*(H )
as above. An (m, n)-SuperHyperOperation is an m-ary map

olmm . gm s P(H),
where P"(H) is the n-th powerset of H. When excluding the empty set one writes P'(H ).

Definition 2.10 (n-Superhyperstructure). (cf.[(17), (31)-(33)]) An n-Superhyperstructure on S is the
system
SH, = (Pn(S), O),

where o acts on elements of the n-th powerset P, (S). This framework captures nested, hierarchical
operations through repeated powerset constructions.

Example 2.11 (Library Classification as a 2-Superhyperstructure). Consider a library in which:
S = {all books in the library}.

e The first-level powerset P;(S) = P(S) is the collection of all genres, each genre being a subset
of books.

e The second-level powerset P(S) =P (P;(S)) is the set of all collections of genres. For exam-
ple, {{Fantasy}, {Science Fiction, Mystery}} is one element of P,(S).

Define a binary operation
o: PQ(S) X PQ(S) — PQ(S)

by
XoY = X UY, X, Y C P(S).

Verification:

1. Closure: Since the union of two collections of genres is again a collection of genres, X UY €
Py(S).

2. Associativity: Union on any set is associative: (X UY)UZ =X U (Y U Z).
3. Commutativity: X UY =Y U X.
4. ldentity (optional): The empty collection () € P,(S) serves as a neutral element: X U () = X.

Thus (PQ(S), o) is a concrete instance of a 2-Superhyperstructure, modeling how library genre collec-
tions can be merged.

Example 2.12 (Corporate Hierarchy as a 3-Superhyperstructure). Consider an organization whose em-
ployees form the base set
S = {Yutaka, Hiroko, Tae, ... }.

e The first-level powerset P;(S) = P(S) is the collection of all possible teams, each being a
subset of employees.

e The second-level powerset P»(S) = P(P;(S)) is the set of all departments, each comprising a
set of teams.

e The third-level powerset P3(S) = P(P»(S)) is the collection of divisions, each consisting of a
set of departments.
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We define a binary operation
o: P3(S) x P3(S) — P3(5) by XoY =XUY (X,Y CP(9)).
Verification:
1. Closure: The union of two divisions is again a set of departments, so X UY € P5(S).
2. Associativity: Union is associative: (X UY)U Z = X U (Y U Z).
3. Commutativity: Union is commutative: X UY =Y U X.
4. ldentity: The empty division () € P5(S) serves as a neutral element: X U () = X.

Hence (Pg(S), o) is a concrete example of a 3-superhyperstructure, modeling how corporate divi-
sions can be merged.

2.2 Shannon Entropy

Entropy quantifies the average information-theoretic unpredictability in a discrete random vari-
able’s probability distribution of outcomes (cf.[(1)-(4), (34), (35)]). The definition and a simple example
are provided as follows.

Definition 2.13 (Shannon Entropy). (cf.[(1)-(4), (34), (35)]) Let X be a discrete random variable taking
values in a finite set X with probability mass function px(z) = Pr(X = xz). The entropy of X is
defined as

H(X) = —ZPX($) log px (z),

reX

where the base of the logarithm determines the units (bits if log is base 2, nats if base ¢).

Example 2.14 (Fair Coin Toss). Consider a fair coin toss, where X € {Heads, Tails} with Pr(X =
Heads) = Pr(X = Tails) = 0.5. Then

H(X) = —(0.5l0g, 0.5+ 0.510g,0.5) = 1 bit.
This quantifies the maximum uncertainty when flipping a fair coin.

Example 2.15 (Three-State Weather Forecast). A weather forecast is a scientific prediction of atmo-
spheric conditions like temperature, precipitation, and wind for future time periods (cf.[(36), (37)]).
Let X € {Sunny, Cloudy, Rainy} with probabilities Pr(X = Sunny) = 0.7, Pr(X = Cloudy) = 0.2,
Pr(X = Rainy) = 0.1. Then

H(X) = —(0.710g,0.7 4+ 0.210g, 0.2 + 0.110g, 0.1) ~ 1.156 bits.

This measures the unpredictability in tomorrow’s weather given these probabilities.

3. Result of This Paper

In this section, we present and explain the main results of this paper. Specifically, we investigate
the mathematical properties of HyperEntropy and SuperHyperEntropy.
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3.1 Shannon HyperEntropy

Hyperentropy quantifies the uncertainty of a probability distribution over subsets of a finite set,
extending Shannon entropy to set-valued variables. The definition of HyperEntropy is given as follows.

Definition 3.1 (Hyperentropy). Let S be a finite set and P(S) its powerset. Suppose
p: P(S) — [0,1]

is a probability mass function on subsets of S, i.e. > ,~sp(A) = 1. The hyperentropy of p is defined
by -

Hy(p) = = p(A) logp(A),

ACS

where log denotes the natural logarithm (nats) or base-2 logarithm (bits).

Example 3.2 (Gourmet Pizza Topping Hyperentropy). Let the base set of pizza toppings be
S = {Pepperoni, Mushrooms, Onions, Olives},

so that each subset A C S corresponds to one possible topping combination. Suppose customer order
frequencies yield the distribution

p({Pepperoni}) = 0.35, p({Mushrooms, Onions}) = 0.25,

p({Pepperoni, Olives}) = 0.25, p({Mushrooms, Onions, Olives}) = 0.15,
with p(A) = 0 for all other A C S. The hyperentropy of this distribution is

Hy(p) = —(0.35 log 0.35 + 0.2510g 0.25 4 0.2510g 0.25 + 0.15 log 0.15) ~ 1.3452 nats.

This value quantifies the uncertainty in predicting which combination of toppings a customer will
choose.

Example 3.3 (Market Basket Hyperentropy). A market basket is a collection of products or items com-
monly purchased together by customers during a single shopping transaction (cf.[(38), (39)]). Let the
base set of products be

S = {Bread, Milk, Eggs, Cheese},

so that P(S) is the set of all possible shopping baskets. Suppose customer purchase patterns follow
the distribution
p({Bread}) = 0.4, p({Milk,Eggs}) = 0.3,

p({Bread, Cheese}) = 0.2, p({Milk, Eggs, Cheese}) = 0.1,
and p(A) = 0 for all other A C S. Then the hyperentropy of this distribution is

Hy(p) = —(0.410g 0.4+ 0.3log 0.3+ 0.21og0.2 4+ 0.1 log 0.1) ~ 1.2799 nats.

This quantifies the uncertainty in predicting which combination of items a customer will purchase.
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Theorem 3.4 (Generalization of Shannon Entropy). Let q: S — [0, 1] be a probability distribution on
the singletons of S, and extend ¢ to P(S) by

_Jalz), A={z},
p(A)_{o, A| # 1.

Then the hyperentropy Hy,(p) reduces to the classical Shannon entropy:

— > p(A) logp(A) = =) " q(x) logq(x) = H(q).

ACS zes
Hence H,, generalizes Shannon entropy.

Proof. Since p(A) = 0 whenever |A[ # 1, the sum >~ , - p(A) log p(A) reduces to

> p({z) logp({a}) = q(z)logg(x

€S zeSs

The negative of this is exactly the Shannon entropy H(q). O

Theorem 3.5 (Expression in a Hyperstructure). Let H = (P(S), o) be a hyperstructure as in Definition
1.2 0of [(11)]. Then the hyperentropy H,, can be interpreted as the Shannon entropy of a random element
of H. Concretely, if X is a random variable taking values in P(S) with Pr(X = A) = p(A), then

Hy(p) = H(X) = =) Pr(X = A) logPr(X = A).
ACS

Proof. By definition of the hyperstructure H, its underlying set is P(S). A probability distribution
on P(S) makes X a discrete random variable on that set. The Shannon entropy of X is H(X) =
— > acs Pr(X = A) log Pr(X = A), which coincides with H},(p). O

Theorem 3.6 (Non-negativity). For any distribution p on P(S),
}]h(p) Ei O)
with equality if and only if there exists a subset A* C S such that p(A*) =1

Proof. Since eachterm —p(A) log p(A)is nonnegative (defining 0log 0 = 0), their sum is nonnegative.
Moreover, —z log x = 0 precisely when x € {0, 1}. Thus H},(p) = 0 iff exactly one p(A*) = 1 and all
others vanish. [

Theorem 3.7 (Maximum Entropy). Let N = |S|. Then
Hy(p) < log|P(S)| = Nlog?2,
with equality if and only if p is the uniform distribution on P(S), i.e. p(A) = 27" forall A C S.

Proof. The function —x log x is strictly concave on [0, 1]. By Jensen'’s inequality,
- Zp Jlogp(4) < —(Dp(4)) 1og(D" p(4)) = log |P(S)!.
A A

with equality exactly when all p(A) are equal, i.e. uniform. O
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Theorem 3.8 (Concavity). Hyperentropy is a concave functional: for any two distributions p, g on P(S)
and any t € [0,1],
Hy(tp+ (1—1t)q) > tHn(p) + (1—1t) Hy(q).

Proof. For each A C S, the function f(x) = —xlogx is concave on [0, 1]. Therefore, by pointwise
application and summation,

STFtp(A) + (1—1)q(A) =t f(p(A) + 1=1)>_ f(a(4)),

which is precisely the desired inequality. ]

Theorem 3.9 (Additivity for Independent Hypervariables). Let S and T be disjoint finite sets, and let p
onP(S), g on P(T') be two independent distributions. Define the joint distribution r on P(S U T) by

r(AUB) = p(A)q¢(B), ACS, BCT.

Then
Hy(r) = Hn(p) + Hu(q)-

Proof. By definition,

Hy(r) ==Y p(A)q(B) log(p(A)q(B)).

ACS BCT
Since log(p(A)q(B)) = logp(A) + log q(B), the double sum splits:

=Y p(A)a(B) logp(A) — > p(A)g(B) logq(B) = Hu(p) + Hu(q).

O

Theorem 3.10 (Data-Processing Inequality). Let f: P(S) — X be any deterministic mapping into a
finite set X. Define the induced distribution r on X by

Then
H(r) < Hu(p),

where H (r) is the ordinary Shannon entropy of r.

Proof. Partitioning the sum for Hy,(p) according to preimages of f and applying Jensen’s inequality
on each block yields the inequality; see standard proofs of data-processing for discrete entropy. [

3.2 Shannon SuperHyperEntropy

Superhyperentropy measures the uncertainty of a probability distribution over n-th iterated pow-
erset elements, extending set-valued entropy to multi-level hierarchical outcomes. The definition of
SuperHyperEntropy is given as follows.
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Definition 3.11 (n-Superhyperentropy). Let n € N and S a finite set. Write
vim =pr(s), M, =™

Let p: V(™ — [0,1] be a probability mass function on V™, so that >_ , ;) p(A) = 1. The n-
superhyperentropy H,(p) is

H,(p) = — > p(A)logp(A).
Aev(n)

Example 3.12 (2-Superhyperentropy: Cross-Functional Committee Uncertainty). Let the base set of
project teams be
S = {Team 5, Teamac, Teampc },

where Team g = {A, B}, Teamyc = {A,C}, Teampe = { B, C}. Then

PYS) = {{TeamAB}, {Team ¢}, {TeamBC}},

and
P(S) =P(P(9))

_ {@, {{Teamaz}),

{{Teamac}}, {{Teampc}}, {{Teamap}, {Teamc}}, }

We focus on the three cross-functional committees of interest:
Cy = {{Teamp}, {Teampc}},

02 = {{TeamAB}, {TeamAc}},
C3 = {{Team ¢}, {Teampc}}.
Define a probability mass function p: P?(S) — [0,1] by

and p(A) = 0 for all other A € P?(S). Then the 2-superhyperentropy is

3
Hy(p) = — > p(C;) logp(C;) = —(0.510g 0.5+ 0.310g 0.3 + 0.2log 0.2) & 1.0297 nats.

i=1
This quantifies the uncertainty in which cross-functional committee of project teams will be formed.

Example 3.13 (2-Superhyperentropy: Salad Customization Uncertainty). Let the base set of ingredients
be
S = {Lettuce, Tomato, Cheese}.

Then the set of all possible two-ingredient toppings is
P'(S) = {{Lettuce, Tomato}, {Lettuce, Cheese}, {Tomato, Cheese}},

which we denote by T, T,, T5. Next,
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is the collection of all selections of topping pairs. Consider three popular salad combos:
Cyp={T1, Tz}, Cp={T1,T3}, Cc={Ts,Ts}.
Define a probability mass function p on these combos by
p(Ca) =06, p(Cp)=0.25 p(Cc)=0.15,
and p(X) = 0 for all other X € P?(S). Then the 2-superhyperentropy is

Hy(p) = — Z p(X) logp(X) = —(0.6 log 0.6+0.251og 0.2540.15 log 0.15) ~ (0.938 nats.
Xe{Ca,CB,Cc}

This value quantifies the uncertainty in randomly choosing one of these three salad configurations.

Example 3.14 (3-Superhyperentropy: Product Configuration Uncertainty). A product configuration is
a specific arrangement of components, features, or options selected to meet customer or production
requirements (cf.[(40)-(42)]). Let the base set of modules be

S = {Mb M27 M3}a
where M; = {Gear, Bolt}, M, = {Bolt, Panel}, M3 = {Panel, Gear}. Then

PI(S) = {{Ml}’ {MQ}’ {M3}’ {Mla MQ}? {M27 M3}7 {Mh M3}}7

the set of all possible subassemblies of one or two modules.
Next,
P*(S) =P(P'(9))

is the collection of all combinations of subassemblies. We focus on three subassemblies of interest:
SA1 == {M17 MQ}, SA2 == {’\/127 Mg}, SA3 == {Mh Mg}

Finally,
P(S) =P(P*(S))

is the set of all possible product configurations, each a collection of subassemblies. Consider three
product configurations:

Py = {SA;,SAs}, Py = {SAs,SAs}, Po = {SA;,SAs}.
Define a probability mass function p: P3(S) — [0, 1] by
p(Pa) =05, p(Pg) =03, p(Po)=0.2,
and p(X) = 0 for all other X € P3(S). The 3-superhyperentropy is then

Hy(p)=— > p(X)logp(X)=—(0.51og0.5+0.3l0og0.3 + 0.2log 0.2) ~ 1.0297 nats.

XE{PA,PB,Pc}

This value quantifies the uncertainty in randomly selecting one of the three final product configura-
tions.
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Example 3.15 (3-Superhyperentropy: Corporate Division Uncertainty). Let the base set of employees
be
S = {Yutaka, Hiroko, Tae}.

Then the set of all possible teams is
P'(S) = {{Yutaka, Hiroko}, {Yutaka, Tae}, {Hiroko, Tae} },

denoted Team 45, Team ¢, Teampc.
Next, the collection of all departments (each a set of teams) is

PQ(S) = {{TeamAB,TeamAC}, {Team 45, Teampc}, {TeamAC,TeamBC}},

denoted Dept,, Dept,, Dept;.
Finally, the set of all divisions (each a set of departments) is

P3(S) = {{Deptl,Deth}, {Dept,, Dept;}, {Deth,Deptg}},

denoted Div 4, Divg, Div.
Suppose the probability mass function on divisions is

p(Diva) = 0.4, p(Divg)=0.35, p(Dive) = 0.25,

and p(X) = 0 for all other X € P3(S). Then the 3-superhyperentropy is

Hs(p) = — > p(X) log p(X)

Xe{Div4,Divg,Divc}
= —(0.410g 0.4 + 0.3510g 0.35 4 0.25l0og 0.25) ~ 1.0805 nats.
This quantifies the uncertainty in randomly selecting one of the three corporate divisions.

Example 3.16 (4-Superhyperentropy: Event Planning Uncertainty). In a large catering company, events
are organized through four hierarchical levels of grouping:

e Level o (S): Individual dishes S = {Chicken Curry, Beef Stew, Grilled Fish}.

Level 1(P,(S)): Menus, each a subset of dishes, e.g. {Chicken Curry, Beef Stew} or {Grilled Fish}.

Level 2 (P5(S)): Buffet packages, each a collection of menus, e.g.

{{Chicken Curry, Beef Stew}, {Grilled Fish}}.

Level 3 (P5(S)): Catering bundles, each a set of buffet packages, e.g.

{Package,, Package, }.

Level 4 (P,(S)): Event plans, each grouping several catering bundles.
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Concretely, let
By = {{Chicken Curry, Beef Stew}, {Grilled Fish}},

= {{Chicken Curry}, {Beef Stew, Grilled Fish}},
Bs = {{Beef Stew}, {Chicken Curry, Grilled Fish} },

Cl — {BlaB2}7
CQ = {31783}7
CS = {BQaB?)}a

El = {01702}7
E2 - {01703}a
E3 = {02703}.

Here E,, Ey, E5 € P,(S) represent three competing event plans.
Define a probability mass function p: P,(S) — [0, 1] by

p(E1) =05, p(E) =03, p(Es) =0.2,

p(X) = 0 forall other X € Py(S5).
Then the 4-superhyperentropy is

Hy(p) = — ZP(Ez) log p(E;)

—(0.510g0.5 4 0.31og 0.3 + 0.210g 0.2)
~ 1.0297 nats.

This value captures the uncertainty in selecting one of the three detailed event plans, each of which
aggregates multiple bundles, packages, menus, and dishes.

Theorem 3.17 (Reduction to Shannon Entropy). If n = 0, then V(© = S and Hy(p) is exactly the
Shannon entropy of pon S:
== p(x) logp(x
zeSs
Proof. By definition P°(S) = S, so the sum in Hy(p) ranges over elements of S. Hence
—> p(A)logp(A) = =) p(x) log p(x
AeS €S

which is the classical Shannon entropy. ]

Theorem 3.18 (Reduction to Hyperentropy). If n = 1, then V() = P(S) and H,(p) coincides with the
hyperentropy defined on subsets of S:

— ) " p(A) logp(A

ACS
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Proof. By the definition of n-superhyperentropy, for any n € N and any probability mass function
p: VW —0,1] with 3, ) p(4) = 1, we have

Hy(p) = = > p(A) logp(A).
Acv(n)

Specializing to n = 1, observe that

so the defining sum becomes

Hi(p)=— Y p(A) logp(A)
AEP(S)

==Y p(A) logp(A).

ACS

By Definition of hyperentropy on P(S), this expression is exactly Hy(p). Hence H,(p) = Hy(p), as
claimed. O

Theorem 3.19 (Expression in an n-Superhyperstructure). Let
SH,, = (P™(9), o)

be an n-superhyperstructure. If X is a random element of SH,, with Pr(X = A) = p(A) for each
A e P™(S), then

H,(p)=H(X)=— Y  Pr(X =A)logPr(X = A).
AePr(S)

Thus n-superhyperentropy is the Shannon entropy of X in the superhyperstructure.

Proof. By construction, the underlying set of S#,, is P"(.S). A distribution p on this set makes X a
discrete random variable. Its Shannon entropy is

H(X)=— Y Pr(X=A)logPr(X =A)=— > p(A)logp(A) = Hu(p).
AePn(S) Aev(n)

Theorem 3.20 (Non-negativity). For any probability mass functionp: V(™ — 0, 1],
H,(p) = 0,
with equality if and only if p(A*) = 1 for some A* € V",

Proof. Eachterm —p(A)log p(A)is nonnegative (defining 0log 0 = 0). Hence the sum is nonnegative.
Equality holds exactly when one probability is 1 and the rest are o. O

Theorem 3.21 (Maximum Entropy).
H,(p) < logM,,

with equality if and only if p is the uniform distribution on V" i.e. p(A) = 1/M, for all A.
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Proof. The function —x log x is strictly concave on [0, 1]. By Jensen'’s inequality,
Ha(p) = Y —p(A) log p(A (Zp )) 10g(D_p(A)) = log M,
A A

with equality exactly when all p(A) are equal. O

Theorem 3.22 (Concavity). If p, g are two distributions on V™) and t € [0, 1], then
H,(tp+ (1 —t)q) > tH,(p) + (1 —1t) Hu(q).

Proof. Define the function

—xlogz, x>0,
€T ==
/(@) {0, z =0,

on the interval [0, 1]. A direct computation shows
" 1
f(x)=—=<0 forx >0,
T

so [ is strictly concave on (0, 1] (and continuous at 0). Now let p, g be two probability mass functions
on V™ and fixt € [0, 1]. For each A € V™), concavity of f gives

ftp(A)+ (1 =1t)q(A) > tf(p(A) + (1—1) f(q(A)).

Summing this inequality over all A € V(" yields

Hy(tp+(1—t)g) = > f(tp(A) + (1 —1)q(A)) >
Aev(n)
th + (1= fla(4)
A
=t H,(p) + (1 —1t) Hu(q).
This establishes the concavity of H,,. ]

Theorem 3.23 (Chain Rule). Define the marginal on V"1,

p"BY = Y A,

ADB, AcV(n)

Beyrl
and the conditional

p(A| B) =

when A D B. Then
H,(p) = Hn- 1(19(”_1))

+ Y p"I(B) Hi(p(- | B)).

Bevy(n=1)
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Proof. Split the sum defining H,,(p) according to the level- (n — 1) subset B C S

— > ) p(A)logp(A

Bev(n-1) ADB

Write p(A) = p"~(B) p(A | B) and expand:

3N p(A)log[p" I (B)(A | B)] =~ p" D (B) log p" I (B)

B ADB B
=3 p"(B)Y  p(A| B)logp(A | B)
B ADB
=n1”1+2p”1 1(p(- | B)).

]

Theorem 3.24 (Data-Processing Inequality). Let f: V(") — X be a deterministic map into a finite set
X. Define the induced distribution r: X — [0, 1] by

Then
H(T) < Hn(p)a

where H(r) = — . 7(x)logr(x) isthe Shannon entropy of rand H,(p) = — > .y P(A) log p(A).

Proof. Partition the sum defining H,,(p) according to the fibers of f:

Hy(p)=— Y p(A) logp(A) = =) Z A) logp(A).

Aev(m) zEX A:f(A
Fixz € X and let

A:f(A)=z

Define weights a4 = p(A)/r(x) for those A with f(A) = x. Then

Z p(A) logp(A) = r(x) Z aqlog(r(z) o) = r(z)logr(z) + r(z) Z aalogay.

A:f(A)=z A:f(A)=zx A:f(A)=zx

Since vy € [0,1] and >y = 1, we have Y aslogay < 0. Hence

> p(A)logp(A) < r(z) logr(z).

A:f(A)=z

Multiplying by —1 and summing over z gives

Z Z A) logp(A) > —Zr(x) logr(z) = H(r),

fo x

as required. O
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Theorem 3.25 (Permutation Invariance). Let o : V(™ — V(" be any bijection, and define p,(A) =
p(c(A)). Then
Hn(po) = Hn(p)'

Proof.

Ho(ps) == Y po(A) logp,(A) == > p(o(A)) logp(a(A)).

Aev(n) AcV(n)
Since o is a bijection, reindexing B = o(A) shows thisequals — ) ., ) p(B)logp(B) = H,(p). O

Theorem 3.26 (Support Bound). Let supp(p) = {A € V(™ : p(A) > 0} have size s. Then

H,(p) < logs,
with equality if and only if p is uniform on its support.
Proof. View p as a distribution on a set of size s. By the maximum-entropy principle,

H,(p) < logs,
with equality precisely when p(A) = 1/s for all A € supp(p). O
Theorem 3.27 (Lower Bound via Maximal Probability). Let pyax = max eyt p(A). Then

Hy(p) > —10g Prnasc-

Proof. Since p(A) < puay for all A, we have —logp(A) > — log pmax- Hence
Hn(p) = - ZP(A) 1ng(A) Z - ZP(A) logpmax = - 1ngmax ZP(A> = - logpmax-
A A A

]

Theorem 3.28 (Kullback-Leibler Divergence to Uniform). Letu(A) = 1/M,, be the uniform distribution
on V™. Then the Kullback-Leibler divergence

Dipl) = 3 p(4) o 238 = log b1, H,(p) > 0.

Aev(n)
with equality if and only if p is uniform.

Proof. By definition,

D(pllu) = Zp (log p(A) + log M,,) = log M,, — Zp )log p(A) = log M,, — Hy(p).

Nonnegativity of D(p||lu) thenyields H,(p) < log M,,. O

Theorem 3.29 (Strict Concavity). For any two distinct distributions p # qon V™ and any t € (0, 1),

Ho(tp+ (1= 1)) > tHup) + (1-1) Hi(g)

Proof. The function f(z) = —x log x is strictly concave on (0, 1). Hence for each A,
f(tp(A) + (1 = )q(A)) >t f(p(A)) + (1 —1) f(a(A)).
Summing over all A € V(" yields the strict inequality for H,,. O
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4. Additional Real-Life Example in Engineering

In this section, we examine an additional real-life example from the field of engineering.

Example 4.1 (4-Superhyperentropy: Hierarchical Control Architecture in Smart Manufacturing). Con-

sider a smart manufacturing facility composed of modular units, each capable of autonomous opera-

tion. We model the uncertainty over system-level control plans using the notion of 4-superhyperentropy.
Let the base set of atomic control modules be:

S — {Ml7 M27 M37 M4}7
where:

e M;: Robotic arm controller,

o M,: Temperature regulation module,
e M3: Quality inspection unit,

e ),: Conveyor belt control.

Level 1(P,(S) = P(S)): All subsets of modules represent basic operational configurations.

Let us fix:
Cy = {M;, My}, Cy={M,, M},

C3 - {M17M4}7 C'4 - {M37 M4}

Level 2 (P,(S)): Each subset of {Cy, Cs, C5, Cy} is a workflow plan, consisting of selected config-
urations.
Let us define:
W1 = {Cl, CQ}, WQ = {02703}, Wg = {03704}.

Level 3 (P;5(S)): Subsets of {W;, W,, W3} define production schemes, grouping workflows into
intermediate manufacturing strategies.
Define:
P ={Wy, Wy}, Py={W, W3}, Py={W;, W3}

Level 4 (P4(S)): Subsets of { Py, P, P3} represent global production policies, each being a system-
wide plan across all units.

Let:

GIZ{P17P2}7 GQZ{P27P3}7 G3:{P17P3}-

Let p : P*S) — [0,1] be a probability mass function modeling historical or predicted system

usage:
p(G1) =04, p(Gs) =0.35, p(G3)=0.25,

and p(X) = 0 for all other X € P*(S).

Then the 4-superhyperentropy is:

3
Hy(p) = =Y p(Gi)logp(G;) = — (0.410g 0.4 + 0.35log 0.35 + 0.25log 0.25) ~ 1.0805 nats.
=1

This entropy quantifies the uncertainty over which complete system-level production policy will be
selected. Since the underlying objects are elements of P*(S), this models control complexity over four
hierarchical engineering layers, making it useful for stochastic planning and robust optimization in
cyber-physical production systems.

279



Spectrum of Engineering and Management Sciences
Volume 3, Issue 1 (2025) 262-284

Example 4.2 (4-Superhyperentropy in Engineering: Autonomous Vehicle Sensor Fusion). We consider
an autonomous vehicle (AV) system equipped with multiple sensor types. These sensors operate under
layered configurations, fusion mechanisms, and environmental conditions, forming a hierarchical de-
cision framework. To assess the uncertainty in selecting a system-wide deployment strategy, we utilize
4-superhyperentropy.

Level o (Base set S): Let the base set of sensors be

S ={L,C,R,U},
with:
o [: LiDAR,
e C: Camera,
e R: Radar,
e U: Ultrasonic sensor.

Level 1(V(1) = P(S)): Consider specific sensor configurations:

Sy = {ch}v
Sy = {R,U},
Sz = {C,U},
S, = {L,R}.

Level 2 (V2 = P(V(l))): Define fusion modes that combine sensor configurations:

Fl - {ShSQ}a
F2 - {53784}7
F3 = {52,53}.

Level 3 (V) = P(V?)): Define operational contexts:

Cl = {FlaFQ}a
02 - {FQaF?)}a
03 = {F17F3}'

Level 4 (VW = P(V®)): Define deployment strategies:

Dl - {01703}a
D2 - {01702}7
D3 = {02703}'

Probability distribution: Let the probability mass function p : V4 — [0, 1] be given by
p(D1) =0.45, p(Dy) =0.30, p(Ds) = 0.25,

and p(X) = 0 forall other X € VW \ {Dy, Dy, Ds}.
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Computation of 4-superhyperentropy: The 4-superhyperentropy is

3
Hy(p) = = p(D;)log p(D;) = — (0.45log 0.45 + 0.30 log 0.30 + 0.2510g 0.25) ~ 1.0619 nats.

=1

The value H,(p) reflects the degree of uncertainty in selecting a comprehensive deployment strat-
egy D;, each comprising specific combinations of operational contexts, fusion modes, and sensor con-
figurations. This hierarchical entropy metric provides a principled way for AV engineers to quantify
systemic uncertainty and assess the robustness of adaptive strategies under varying external factors
(e.g., weather, traffic, sensor faults). Such rigorous modeling is indispensable in engineering reliable
autonomous systems.

5. Conclusion and Future Works

In this paper, we introduced two novel constructs: HyperEntropy, which extends Shannon entropy
to probability distributions over subsets of a base set, and SuperHyperEntropy, which further gen-
eralizes this concept to distributions defined on iterated powerset levels. These frameworks enable
the quantification of uncertainty in hierarchical and set-valued contexts, offering a deeper and more
flexible perspective within entropy theory.

In future work, we aim to explore extended entropy models that incorporate additional uncertainty
frameworks such as Fuzzy Sets [(43)], Intuitionistic Fuzzy Sets [(44)], Neutrosophic Sets [(45)], Neutro-
sophic Offsets [(46)], Soft Sets [(47)], Hypersoft Sets [(48), (49)], Rough Sets [(50), (51)], Picture Fuzzy
Sets[(52)], Hesitant Fuzzy Sets [(53), (54)], Quadri-Partitioned Neutrosophic Sets [(55)], HyperNeutro-
sophic Sets [(56), (57)], and Plithogenic Sets [(58), (59)]. These directions hold promise for further
generalizing entropy in ways that reflect the complexity and indeterminacy present in real-world data
and decision-making environments.
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